Heavy-light decays such as B → πℓν, B → K * γ and B → K ( * ) ℓℓ can be used to constrain the parameters of the Standard Model and in indirect searches for new physics. While the precision of experimental results has improved over the last years this has still to be matched by equally precise theoretical predictions. The calculation of heavy-light form factors is currently carried out in lattice QCD. Due to its small Compton wavelength we discretize the heavy quark in an effective nonrelativistic theory. By formulating the theory in a moving frame of reference discretization errors in the final state are reduced at large recoil. Over the last years the formalism has been improved and tested extensively. Systematic uncertainties are reduced by renormalizing the m(oving)NRQCD action and heavy-light decay operators. The theory differs from QCD only for large loop momenta at the order of the lattice cutoff and the calculation can be carried out in perturbation theory as an expansion in the strong coupling constant. In this paper we calculate the one loop corrections to the heavy-light vector and tensor operator. Due to the complexity of the action the generation of lattice Feynman rules is automated and loop integrals are solved by the adaptive Monte Carlo integrator vegas. We discuss the infrared and ultraviolet divergences in the loop integrals both in the continuum and on the lattice. The light quarks are discretized in the ASQTad and highly improved staggered quark (HISQ) action; the formalism is easily extended to other quark actions.
I. INTRODUCTION
Decays of mesons containing heavy quarks provide an excellent laboratory for studying the heavy flavor sector of the Standard Model. For inclusive decays techniques such as quark-hadron duality and the operator product expansion have been used to predict decay amplitudes and spectra to high precision (see, for example Refs. [1, 2] ). Exclusive decays have a well defined hadronic final state and are easier to measure but obtaining precise theoretical predictions for these processes is more challenging since the quarks in the final state are bound inside a hadron. Nevertheless improving on these predictions is crucial to check results from inclusive measurements and overconstrain the parameters of the Standard Model to uncover the effects of putative new physics.
The decay B → πℓν can, for instance, be used to constrain the magnitude of V ub , one of the least known Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix elements. In addition, rare decays like B → K * γ or B → K ( * ) ℓℓ are loop-suppressed in the Standard Model and expected to be sensitive to the presence of new physics [3] [4] [5] .
Precise calculations of hadronic matrix elements are needed to match experimental precision (which is still to improve further with new results from LHCb and the planned SuperB factory). Lattice QCD provides a modelindependent framework for these calculations. It is, however, difficult to discretize the heavy valence quarks directly on lattices that are currently available since their Compton wavelength is comparable to the lattice spacing, a. To overcome this problem we use the effective lattice field theory NRQCD [6] [7] [8] [9] , which describes QCD in the non-relativistic limit where the heavy-quark velocity is much less than unity. NRQCD is useful for studying mesons with heavy-quark constituents such as J/ψ, Υ, D and B. The heavy-light vector form factor has been calculated in lattice NRQCD and combined with experimental data to extract |V ub | [10] . The hadronic form factors are functions of the squared momentum transfer q 2 = (p B − p F ) 2 , where p B and p F are the momenta of the decaying B meson and the hadronic final state. Current lattice calculations using NRQCD work well only for large q 2 , partially owing to large discretization errors in the hadronic final state. The radiative decay B → K * γ has q 2 = 0, however, and most experimental data for B → πℓν comes from the small q 2 region. The large extrapolation to small q 2 is a sizable source of systematic error in analyzing such decays and it is thus desirable to extend the range of accessible q 2 in a lattice calculation. In our approach, this is achieved by formulating the theory in a moving reference frame [11] . The frame velocity is chosen to reduce the three-momentum of the final hadron state at small q 2 , and hence also suppress the associated lattice artifacts. This approach is known as moving NRQCD (mNRQCD) [12] [13] [14] [15] . The momentum of the heavy quark p = mu + p res is split into a contribution mu associated with the frame velocity u = (γ, γv) and a residual momentum p res , which is of the order of the hadronic scale Λ QCD . The first contribution is treated exactly so that corrections can be expanded in powers of p res /m. Discretization errors, which scale with some power of ap res , can be removed systematically by improving the action.
Although we focus here on mNRQCD, we note that similar calculations are possible using other descriptions of moving heavy quarks [16] [17] [18] . A comparison of predictions from these different approaches would provide a valuable test of our understanding of the systematic errors in all these methods.
Hadronic matrix elements of heavy-light currents have been calculated using lattice mNRQCD by the HPQCD Collaboration [19, 20] . The NRQCD effective theory is obtained from QCD by integrating out the effects of physics on energy scales of order m or larger; on the lattice this upper energy scale is determined by the lattice spacing, a. Operators in QCD are written as a formal expansion of operators defined in terms of the effective non-relativistic fields of NRQCD. The coefficients of the NRQCD operators in the expansion are determined as power series in the strong coupling constant α s (q * /a) which is defined in an appropriate renormalization scheme and where q * is a dimension parameter of order unity. The NRQCD operators are ordered in powers of 1/m. For quarkonium matrix elements this gives a series in α s and the quark relative velocity v 2 rel whereas for heavy-light systems the series is an expansion in α s and Λ QCD /m. These coefficients are the radiative corrections which compensate for the missing contribution of ultraviolet modes in QCD which are omitted by the imposition of the high-momentum ultraviolet cutoff in the lattice formulation. QCD and the effective lattice theory agree for infrared scales sufficiently below the heavy quark mass m and so the radiative corrections are governed by momenta larger than m 1/a where the strong coupling constant is small. It is therefore legitimate to calculate these corrections in perturbation theory. The coefficients are computed by equating the matrix elements of the operator in QCD and of its NRQCD expansion for any choice of external states. Because the coefficients are independent of the matrix element chosen, we carry out the radiative matching calculation for appropriately chosen external on-shell quark states; this is the usual technique employed in matching calculations for NRQCD (see, for example, [21, 22] ). These radiative corrections are expected to be comparable in size to higher order corrections in the 1/m expansion.
Owing to the complexity of the lattice actions used, the generation of Feynman rules has been automated [23] [24] [25] and the resulting integrals are calculated using the adaptive Monte Carlo integrator vegas [26, 27] , possibly after smoothing the integrand by adding an infrared subtraction function. In [15] radiative corrections to the heavy quark action have been calculated for a range of frame velocities. In this work we extend this calculation to the matching coefficients for the leading order operators of the vector and tensor currents.
The outline of this paper is as follows. We discuss the different heavy-light continuum operators that contribute to B → πℓν and rare B decays in Sec. II, and we introduce the various quark actions used in this project in Sec. III. The central part of this work, the matching calculation between continuum and lattice operators, is presented in Sec. IV where we calculate one-loop matrix elements both in the continuum and in the effective lattice theory and combine them to obtain the matching coefficients. In Sec. V we present numerical results. We summarize and discuss our findings in Sec. VI.
Some preliminary results from this work appeared in Ref. [19, 20, 28] .
II. CONTINUUM OPERATORS
In general we shall denote current operators by J (Γ) n with the appropriate number of Lorentz indices and where Γ labels the symmetry and transformation properties and the integer subscript, n, distinguishes different operators with the properties.
An example is the semileptonic decay B → πℓν which occurs at tree level in the quark picture. It is mediated by the hadronic vector current
where q and Ψ are the light-and heavy-quark spinors. We follow the convention in Appendix A of Ref. [15] for the Dirac gamma matricesγ µ . Only left-handed particles (denoted by the subscript L) participate in the weak interaction. For massless leptons the total width of this decay is proportional to the square of the form factor f + (q 2 ) defined by
and the CKM matrix element V ub . The situation is more complicated for rare B decays which can only occur at loop level in the Standard Model. After integrating out physics at the electroweak scale, the transition is described by a set of effective operators Q j with their associated Wilson coefficients C j (µ) [29] . For the radiative decay B → K * γ the Hamiltonian is ) are evaluated in the leading logarithmic (LL) approximation at the scale µ b = 5.0 MeV using the so-called "magic numbers" in Ref. [29] with mZ = 91.1876 MeV, mW = µW = 80.425 MeV and αs(mZ) = 0.118.
where the operator basis Q j used in this work is given, for example, in Refs. [30, 31] :
(q Rβγ µ q Rα ),
F µν (G a µν ) is the electromagnetic (chromodynamic) field strength tensor; α and β are color indices.
This factorization separates the physics at large energy scales, which is contained in the model-dependent Wilson coefficients C j (µ), from the universal hadronic matrix elements of the effective operators Q j .
A. Wilson coefficients
By matching the effective Hamiltonian in Eqn. (3) to the Standard Model it is easy to see that at tree level C 2 = 1 and all other coefficients are zero. After summing the leading logarithms of the form [α s log(µ W /µ b )] n the dominant contribution to C 7 comes from the mixing of Q 2 to Q 7 via one loop diagrams [29] . The Standard Model Wilson coefficients relevant for the radiative decay are given in Tab. I in the leading logarithmic (LL) approximation. As can be seen from these numbers, the dominant operators are C 2 and C 7 . Numerical values The Wilson coefficients are model dependent. For example, in [32] it is shown how C 7 (µ W ) and C 8 (µ W ) change in a two Higgs doublet model. The numerical size of these changes depends on the parameters of the specific model. In [32] it is reported that the inclusive decay rate B → X s γ, which in the LL approximation is proportional to |C 7 (µ b )| 2 , could in principle be enhanced by about a factor of three compared to the Standard Model.
Although this enhancement is now ruled out by recent calculations of the Standard Model branching ratio in the inclusive B → X s γ [1, 33] and exclusive B → K * γ [34] [35] [36] decays, which are compatible with experimental results [37] , the situation is less clear for the time dependent CP asymmetry in the exclusive decay: although it is expected to be small in the Standard Model [38] it has not yet been measured to sufficiently high precision [39, 40] . In the Standard Model the opposite chirality operator, which is obtained by replacing b R → b L and s L → s R in Q 7 is suppressed by a factor of m s /m b as the spin flip requires the insertion of a mass term. This is not necessarily the case in the new physics models studied in [41] where it is shown that the opposite chirality operator and mixing induced CP asymmetries can be enhanced even if the branching ratio agrees with Standard Model predictions. Similar conclusions can be drawn for the decay B → K ( * ) ℓℓ [42, 43] , the forward-backward asymmetry is dependent on C 7 , C 9 and C 10 . The current experimental measurements [44] [45] [46] will be improved by the LHCb experiment [47] and help constrain these coefficients.
B. Local and non-local operators
The operators in Eqns. (3, 4) can be split into two groups: the four quark operators 1-6 couple two hadronic currents at one point in space time. All other operators couple a heavy-light quark current to a gauge boson or a leptonic current. These two sets of operators contribute differently to hadronic heavy-light matrix elements [48] . 
Local contributions
The local contribution to the radiative decay B → K * γ is described by the tensor current (see Fig. 1 )
The local contributions to the leptonic decay B → K ( * ) ℓℓ also include operators
which couple the heavy-light vector current J (V )µ 0 to a vector (or axial vector) leptonic current.
In the following we will consider the vector current in Eqn. (1) and the heavy-light hadronic tensor current
The heavy quark mass is included in this current as only left-handed particles participate in the weak interaction: flipping the chirality on one of the external legs requires the insertion of a mass term mq L q R +(h.c.). Whilst in the Standard Model the operator m q (q R σ µν Ψ L ) with opposite chirality is suppressed by m q /m relative to Eqn. (8), this is not necessarily the case in new physics models [41] .
As we set the light quark mass to zero in the matching calculation we will drop all chiral projectors in the following.
Non-local contributions
Non-local contributions come from diagrams like the one in Fig. 2 : The gauge bosons couple to an internal quark loop which is created by contracting the two charm fields of a four quark operator. Given the size of C 2 it is important to estimate the effect of these diagrams on the hadronic matrix element. Long distance effects. The dominant contribution to the long distance amplitude induced by the b → scc operators is usually assumed to come from the diagram where the photon couples directly to the charm quark loop. This is confirmed by the perturbative calculation combined with a quark model in [49] where it is found that the main contribution generated by Q 2 is given by diagrams where the photon couples to the cc loop and the gluon connects this loop to either the b or s quark. Only Q 7 contributes at tree level but in [49] it is argued that the O(α s ) contribution of the four quark operator is of the same order as the one loop correction to the electromagnetic tensor operator Q 7 .
The resonant contribution from the charm loop can be described as the decay B → V ψ n , where the ψ n is a bound cc vector state, such as J/ψ, which subsequently decays into a photon, see Fig. 3 .
In this approximation the long-distance amplitude can be written as
where ǫ n is the polarization of the vector meson ψ n with mass M n and width Γ n . For real photons with q 2 = 0 the sum is dominated by the lowest lying resonances. The mass of the J/ψ is 3.097 GeV so that long distance effects from charm loops are expected to be suppressed by the inverse of this mass.
This argument is supported by the explicit calculation in [50] where the charm quark is integrated out to obtain an effective bsgγ operator suppressed by 1/m 2 c . The matrix element of this local operator is calculated using QCD sum rules and found to be small, contributing around 5% of the dominant amplitude from Q 7 .
Chromomagnetic tensor operator. The contribution from the chromomagnetic tensor operator is estimated in [51] . There the decay amplitude is calculated for both the electromagnetic and the tensor operator in the framework of a quark model. The contribution of Q 8 is found to be suppressed relative to Q 7 by a factor Λ QCD /m B × C 8 /C 7 ≈ 5%.
To summarize, matrix elements of four quark operators and of the chromomagnetic tensor operator are suppressed for small q 2 and it is likely that they contribute little to the radiative decay. With currently available techniques these non-local contributions can not be treated in lattice QCD and, if required, must be calculated using different approaches, such as QCD sum rules [35, [49] [50] [51] [52] [53] [54] to complement the lattice calculation of the local operators. In the following we will concentrate on the vector current q Lγ µ Ψ L and the tensor current m(q L σ µν Ψ R ) which are the hadronic parts of the electroweak operators in (6) and (7) . Nonperturbative lattice matrix elements elements of these currents have been calculated [19, 20] by using mNRQCD as an effective theory for the heavy quark.
III. LATTICE QUARK ACTIONS
On currently available lattices the Compton wavelength of the b quark is smaller than the lattice spacing. We discretize the heavy quark in an effective, nonrelativistic theory where the high frequency fluctuations have been integrated out. The construction of this action is described in [15] and in the following we summarize the main results.
The light quarks are discretized using highly improved relativistic actions [55, 56] . In the one loop calculations presented in this paper vacuum polarization effects of the light quark do not contribute.
A. Moving NRQCD
The (tree level) NRQCD action is obtained by decoupling the quark and antiquark degrees of freedom in the fermionic action by a Foldy-Wouthuysen-Tani transformation. The theory can be Lorentz-transformed to a moving frame and higher order time derivatives are removed by a subsequent field transformation. On the lattice, where Lorentz invariance is broken by discretization, this will give rise to a new theory which is known as m(oving) NRQCD. As the theory contains only first order time derivatives, propagators can be computed very efficiently by a single sweep through the lattice.
The mNRQCD action is given by
with kernel
The lowest order kinetic term H 0 is
where v is the frame velocity and ∆ ± j , ∆ (2) and ∆ (2) v are first and second order gauge covariant finite difference operators defined in Ref. [15] . In momentum space the non-relativistic dispersion relation
is obtained. δH contains higher order corrections in 1/m and operators which remove discretization errors. The action used in this work is described in Ref. [15] ; it is correct to O(1/m 2 , v 4 rel ), where v rel is the relative velocity of the two quarks in a heavy-heavy system.
The integer stability parameter n is introduced to remove numerical instabilities for smaller quark masses m.
B. Relativistic quark actions
We separately consider two different staggered lattice actions describing the light quarks.
The ASQTad action [55] suppresses "taste-breaking" interactions of lattice doublers by O(α s a 2 ). This is done by introducing form factors for one gluon emission in the action. The Highly Improved Staggered Quark (HISQ) action reduces discretization errors further by an additional level of smearing followed by link unitarization [56] .
Physically, the light quark mass is much smaller than the hadronic scale and in the matching calculation it will be set to zero. This simplifies the calculation and leads to additional relations between different matching coefficients due to chiral symmetry.
The MILC and UKQCD Collaborations have produced a set of lattice configuration ensembles including ASQTad vacuum polarization effects and are currently extending this to configurations with dynamical HISQ fermions [57, 58] . These configurations are used in the nonperturbative calculation of heavy-light form factors [19, 20] .
IV. MATCHING CALCULATION
To match heavy-light operators, expressed in terms of effective mNRQCD heavy quark fields, to those in the continuum theory, we must calculate radiative corrections both in the continuum and on the lattice. We match the theories at leading order in the 1/m expansion and one loop order in α s . Matrix elements of O(1/m) operators are expected to be of the same size as the leading radiative corrections and are matched at tree level.
A. Continuum calculation
In the continuum we calculate the one loop matrix elements of the currents J (Γ) 0 and expand the result in inverse powers of the heavy quark mass. We use the notation Γ = V, T to denote the expressions in Eqns. (1, 8) . Owing to Lorentz invariance these expansions can be expressed as linear combinations of a small number of tree level matrix elements:
At leading order in the 1/m expansion the operators that contribute to the vector current are:
and to the tensor current:
where u µ = (γ, γv) is the frame velocity. The one loop contributions to the mixing matrix Z (Γ,con) j = δ j0 + α s δZ (Γ,con) j + . . . are for the vector operator [21] δZ (V,con) 0
and for the tensor operator δZ (T,con) 0
We introduced a gluon mass λ to regulate infrared divergences. It is important to use the same infrared regulator in both continuum QCD and the effective lattice theory, any dependence on the gluon mass will cancel in the matching coefficients. As the tensor current is not conserved, its anomalous dimension does not vanish:
The coefficients of the infrared logarithms in Eqns. (17) and (18) agree due to heavy quark symmetry.
B. Construction of lattice operators
On the lattice we must construct operators J (Γ,lat) 0 which have the same on-shell matrix elements as the associated continuum operators:
At tree level, the operators in the effective theory are obtained from Eqns. (1, 8) by applying the field transformation
S(Λ) is a spinorial Lorentz boost,T the FWT transformation decoupling the quark-and antiquark fields in the rest frame and A Dt an additional field transformation to remove higher order time derivatives.
T is the (positive energy) field in the effective theory.
Using the explicit expressions in Ref. [15] one finds at
from which the tree level currents in the effective theory can be read off by inserting the field transformation in Eqns. (1, 8) .
In the following we calculate the one loop matching coefficients of the leading order operators in the 1/m expansion. At this order bothT and A Dt are equal to the identity. The Lorentz boost is
We choosev, the direction of the frame velocity, to be along one of the lattice axes, i.e.v = (1, 0, 0). We can then classify the lattice directions (and associated Lorentz indices) as timelike (denoted 0, as usual), parallel tov (denoted ) or perpendicular tov (denoted ⊥).
Choice of operator basis
In the continuum the operator basis J
is used. On the lattice Lorentz invariance is broken and it is convenient to work in another basis which is spanned by operators with different Dirac structure. Firstly, the operators J 
In the vector case Γ =γ µ and ρ (V ) = 1, and in the tensor case Γ = σ µν and ρ (T ) = m. The velocity dependence has been absorbed in the functions
The corresponding leading order (in the heavy quark expansion) operators J
1,j are obtained by replacing
The tree level matrix elements of all these operators form a basis for expanding higher order matrix elements. In the following we do not, however, need to include J (Γ) 1,j , because the tree level matrix elements are given by linear combinations of those of J (Γ) 0,j due to heavy quark symmetryγ 0 Ψ v = Ψ v . In the vector case: (26) and for the tensor operator:
Clearly, this decomposition is not Lorentz invariant, but can be carried out for fixed frame velocity. On the lattice the two operators in Eqn. (24) mix under renormalization,
(with j, k = 1, 2). Instead of using this basis (which we will call the (1, 2) basis), it is more convenient to work in the (+, −) basis:
as only J
0,+ contributes to processes at tree level. We may then write 
For the tensor operator there is no dependence on the Lorentz indices:
Matching coefficients
Combining Eqns. (28, 30) , the lattice operator which has the same one loop matrix elements as the continuum operator is
C. Mixing matrix
In the (1, 2) basis of operators, the lattice mixing matrix can be split into a diagonal part and a contribution ξ (Γ) jk from one particle irreducible (1PI) diagrams,
For the vector current the multiplicative renormalization contains the wavefunction renormalization only: δZ
For the tensor current, however, there is an additional contribution from the renormalization of the heavy quark mass: δZ
The relation between renormalized and bare param-
m R is the pole mass, which can be defined perturbatively both in the continuum and on the lattice. The renormalization constants can be expanded perturbatively using the generic formula
The renormalization of the velocity functions f 1,2 in Eqn. (25) is f j,R = Z fj f j with
One then finds
Even though we use only the leading order heavy-light operators we still include 1/m corrections in the action. Next we isolate infrared divergences in the renormalization constants and find (in Feynman gauge)
Here we make the lattice spacing a explicit and λ is the gluon mass used in the continuum calculation. The infrared divergence of ξ
++ is independent of the Dirac structure Γ due to heavy quark symmetry and can be inferred from the subtraction integral discussed in Sec. IV H 1. The functions F x are infrared finite and can, if required, be expanded in powers of the inverse heavy quark mass on the lattice.
It is interesting to note that the logarithms in Eqn. (38) represent both infrared (λ → 0) and ultraviolet (a → 0) divergences. A similar combination of short and long distance divergences occurs in HQET if the theory is regulated in dimensional regularization: The heavy quark propagator does not contain any scales and the integral vanishes in this case (see, for example, Ref. [59] ). In the HQET case, this simplifies the calculation of the matching coefficients as only the QCD integrals need to be calculated.
D. Results for the vector operator
After cancelling infrared divergences the final expression for the matching coefficients c
In the limit v → 0 the operator J (Γ) 0,2 does not contribute as it is proportional to v; in NRQCD there is only one operator with matching coefficient c (Γ) :
We find
The matching coefficient of the zero component of the vector (or axial vector) current at v = 0 has been calculated in [60] and the corresponding calculation for the spatial components can be found in [10] . We tested our code by reproducing these results.
E. Results for the tensor operator
The corresponding results for the tensor operator are:
and in the NRQCD limit v = 0
F. The anomalous dimension
The ultraviolet behavior of the lattice theory is described by the logarithmic terms in Eqns. (39, 42) . In particular, the log a 2 m 2 term is a UV divergence which is independent of the Dirac structure of the renormalized operator due to heavy quark symmetry. As the short distance behavior of the effective theory is different from that of continuum QCD, its coefficient is not the same as that of the log m 2 /µ 2 term in Eqn. (42) . The anomalous dimension of the lattice operator can be obtained by noting that the renormalized operator is related to the bare operator by multiplication by Z 
The counterterm has to be chosen such that it absorbs the logarithmic UV divergence in δZ where µ lat is an arbitrary scale which cancels in physical results. We thus find
This agrees with the result for HQET regularized in dimensional regularization [61] .
G. Quark renormalization parameters
The wavefunction renormalization of massless ASQTad quarks has been calculated to one loop in [60] . We repeated this calculation with a larger number of points in the vegas integration to obtain
in Feynman gauge (the error is the statistical error of the vegas integral). For massless HISQ quarks we obtain
γ q b
FIG. 4. One particle irreducible diagram at one loop
The one loop renormalization of the heavy quark wavefunction, frame velocity and mass is given for a range of frame velocities in Ref. [15] . As demonstrated there the magnitude of all renormalization parameters is reduced significantly by including mean fields corrections. Only the wavefunction renormalization has a logarithmic IR divergence, given by − 2 3π log a 2 λ 2 .
H. One particle irreducible matrix elements
The one particle irreducible (1PI) matrix elements can be found by evaluating the one loop diagram in Fig. 4 .
The O(α s ) one particle irreducible correction to the operators J
where the heavy-quark four spinor is
is the lattice integrand, after factoring out external quark spinors, the strong coupling constant and the velocity function f j . To extract ξ (Γ) jk , we replace the spinors by Euclidean [62] on-shell projection operators:
and take the trace of (49):
The Dirac matrix Π (Γ) is a suitable projection operator which depends on Γ; as both sides of (52) jk for all j, k.
Infrared subtraction function
In some configurations in momentum space the integration contour in the k 0 plane is pinched by poles. This leads to large peaks in the integrand and can generate infrared divergences in the final result.
We construct an appropriate infrared subtraction function f (sub) to smooth the integrand and thus speed up the convergence of the vegas estimate of the integral. The 1PI matrix elements can be written as
Construction of the subtraction function is guided by the continuum integral, which has the same infrared behavior as the corresponding lattice expression. In the continuum the 1PI correction to the operator J (Γ) 0,j at the matching point p ′ = 0, p = (m, 0) is given by
where
h (k) is the heavy quark propagator at p = (m, 0). This integral can be rendered UV finite without changing the infrared structure by replacing
where the metric is g µν = diag(+1, +1, +1, +1) in Euclidean space, and the velocity four-vector is given by u = (iγ, γv). As in Eqn. (49) we write
The subtraction integral is independent of the Dirac structure and is easy to solve analytically:
This concludes our discussion of the structure of the matching calculation. In the next section we present numerical values for different quark masses and frame velocities.
V. NUMERICAL RESULTS
In Figs. 5 and 6 we show results for the matching coefficients for the vector and tensor current (see Tables II   to V for numerical values) .
In both cases we use a heavy mass of m = 2.8 and a stability parameter n = 2. These are the values currently used in nonperturbative calculations of heavy-light form factors on coarse MILC lattices [19, 20] . The gluon action is Symanzik improved [63] . We present results both for the ASQTad and HISQ light quark action.
For the vector current we calculate the matching coefficients for three different directions of the Lorentz index µ: temporal (µ = 0), parallel to the frame velocity (denoted ) and perpendicular (⊥). The frame velocity is chosen to be along the lattice axis µ = 1. For v = 0 we consider a corresponding set of directions: µ = 0, µ = 1 and µ = 2. renormalization scale of the tensor current is µ = m.
A. Discussion
As the light quark is massless its propagator and vertex functions anticommute withγ 5 . With σ 01 = iγ 5 σ 23 , this implies that matching coefficients for (0, ) and (⊥, ⊥) are identical (given that we boost in the direction µ = 1). The same holds for (0, ⊥) and ( , ⊥), as σ 02 = −iγ 5 σ 13 . For v = 0 the matching coefficients for all combinations of (µ, ν) agree as there is no preferred direction. Heavy quark symmetry (γ 0Ψ v =Ψ v ) and relations such asγ 0γj = −iσ 0j can be used to relate 1PI matrix elements of the vector and tensor current.
We emphasize that the magnitude of all matching coefficients is reduced by including mean field corrections in the renormalization parameters, the dependence on the frame velocity is weak and all matching coefficients The matching coefficients appear to diverge for v → 1. It should be noted that whereas mNRQCD reduces to NRQCD in the limit v → 0, the collinear theory at v = 1 is qualitatively different, in particular both mass and velocity renormalization are not defined in this limit.
In addition, for large v the momentum distribution of the heavy quark in the initial state meson is boosted by a factor of γ so that for highly relativistic frame velocities the power counting in 1/m will break down. As shown in [15] the statistical errors of nonperturbative matrix elements grow with decreasing q 2 and in practise it is unlikely that they will be calculated for v 0.5.
Vector current
The matching coefficient for the zero component of the vector current at m = 2.8, c (V )0 = 0.04293 (52) in Table II, is in perfect agreement with the corresponding valueρ 0 = 0.043(2) in Table III of [60] . For v = 0 we find that the matching coefficients c (V )1 = 0.26970(40) and c (V )2 = 0.26929(39) agree within errors as would be expected from rotational invariance and are consistent withρ Table II of [10] . The splitting between the matching coefficients for different Lorentz indices is reduced by using the HISQ light quark action. This reduction is not, however, as pronounced as for the tensor current. In the continuum the matching coefficient c
− is zero. Using the HISQ action reduces the magnitude of c 
Tensor current
For the tensor current we find that the splitting between the matching coefficients for (µ, ν) = (0, ) and (0, ⊥) is reduced by using the HISQ action for the light quark. A similar reduction is seen in the splitting between the ( , ⊥) and (⊥, ⊥) matching coefficients.
The matching coefficients c depends on the continuum renormalization scale µ; for µ = m, we find that these coefficients are also very small when using ASQTad light quarks. They are, however, larger when the HISQ action is used to discretize the light quark.
Quark mass dependence
We repeated the calculations for a heavy quark mass m = 1.9, which corresponds roughly to the bare quark mass on the fine MILC lattices. The results for a range of frame velocities are shown in Tables VI to IX. The absolute size of the matching coefficients is larger than for m = 2.8 but still typically lies in the range 0.1 -0.5 for the frame velocities considered.
VI. CONCLUSION
M(oving) NRQCD is a useful tool for extending the range of accessible q 2 in a lattice calculation of heavylight form factors. The formalism has been improved and tested extensively over the last years. Radiative corrections to the effective actions have been calculated in a previous publication [15] . Further reduction of systematic uncertainties is justified by an increase in precision of experimental results. In this paper we show how systematic errors due to radiative corrections can be reduced by renormalizing the heavy-light vector and tensor currents. After cancelling infrared divergences the one loop corrections to matching coefficients are of the order one and smaller. The results will be used in the current calculation of nonperturbative form factors [20] .
As the lattice imposes a cutoff ∼ 1/a, operators which are formally suppressed by 1/m can "mix down" to the leading order operators [64] . These power law terms can be suppressed by constructing perturbatively subtracted
which do not mix down to the leading operators at one loop order. ξ (Γ) k0 is calculated from the one particle irreducible corrections to the O(1/m) operators. We find that at v = 0.4 the non-perturbative matrix element of the subtracted 1/m operators is a factor of around 0.05 smaller than the leading order matrix element, which is consistent with heavy quark power counting where Λ QCD /m ∼ 0.1. Before subtraction the ratio of the matrix elements can be as large as 0.3.
In this work we used the ASQTad and HISQ actions to discretize the light quark but it should be noted that our approach is easily extended to other discretizations such as the Domain Wall fermion action [65] .
With currently available techniques only matrix elements of local operators in rare exclusive decays can be computed in lattice QCD. Often these operators describe the dominant effects. For the radiative decay B → K * γ the four quark operators Q 3 , . . . , Q 6 are suppressed by their small Wilson coefficients. At the physical point where q 2 = 0, the contribution of Q 2 is suppressed as the cc vector resonance which connects this operator and the external photon is far off shell. Model calculations show that the matrix elements of the chromomagnetic operator Q 8 are small. This implies that the dominant contribution comes from the electromagnetic tensor operator Q 7 and the matrix elements of this operator can be evaluated in lattice QCD.
An additional complication is that the effective heavy quark theory is only valid at maximum recoil, i.e. at q 2 = m 2 . Results have to be extrapolated to q 2 = 0 using a phenomenological ansatz. A simple, physically motivated parametrization is given in [66, 67] . Recently a model independent parametrization, which uses the analyticity of the form factors, has been suggested in [68] .
Even if the dominant contribution to a given process is not given by a local operator, lattice calculations are still useful when combined with other approaches such as QCD sum rules. In this appendix we discuss the choice of contour for the lattice integrals. As for the self-energy calculations in Ref. [15] , care has to be taken when choosing the integration contour in the k 0 plane (where k is the momentum of the gluon in the loop). The heavy quark pole must lie inside the integration contour (in the z = e ik0 plane) but for certain values of the loop momentum it lies outside the unit circle. The integration contour then has to be deformed to ensure that the result can be Wick-rotated back to Minkowski space.
In the following we discuss the corresponding contour shift for the lattice three point functions. We begin by mapping the positions of the poles of the light quark propagator and then discuss the contour choice for the full integrands.
Poles of the light quark action
We use the ASQTad and HISQ actions to describe the light, relativistic quarks and, as discussed in the main text, we treat these quarks as being massless. The propagators for these actions are identical, with denominator
and ω = sin 2 (k 0 ). The poles of the propagator correspond to ∆ = 0. For given fixed, spatial three-momentum k (with
where y = ω + 4. This equation either has three real solutions, or one real solution and one conjugate pair of complex solutions, depending on the sign of the discriminant D [69] : defined by
It has three real solutions if D ≤ 0 (or equivalently s(k) ≤ 8/9):
where β = 1 3 arccos(q/P 3 ) and P = 2 sgn q = ±2. Alternatively, it has one real solution and one conjugate pair of complex solutions if D > 0 (or equivalently s(k) > 8/9):
where β = 1 3 arccosh(q/P 3 ) and P is defined as above. In either case, for each ω = y − 4, there are four solutions for z = e ik0 , which can be labelled as:
Of these twelve poles, two are "physical" and survive in the continuum limit. They can be identified as those that lie on the unit circle |z| = 1 for k → 0. The other ten "spurious" poles are lattice artifacts with masses proportional to a −1 and therefore decouple in the continuum limit. These poles (sometimes called ghost poles) are, of course, not the lattice doublers.
We calculated z for a large number of random momenta k with k j ∈ [−π, π]; the resulting distribution of the poles in the complex plane is shown in Fig. 7 .
It is useful to compare the positions of these poles of the improved actions with those of the naive propagator. The equation describing the position of the poles is linear in ω, leading to four solutions for z: To take care of causality one can employ the iε prescription, changing the denominator to
For the discussion of the effects of this, it is sufficient to concentrate on the three poles outside the unit circle with positive real part (the other poles are related to these by transformations z → 1/z, −z, −1/z). One of these is the physical pole, which for s(k) = 0 lies on the unit circle with a small negative imaginary part. In addition, there are two additional, spurious poles with larger real part: one with a negative (and small) imaginary part and one with a positive (and small) imaginary part. The movement of these poles as the momentum increases is shown in Fig. 9 . As s(k) gets larger, the physical pole moves outwards. The spurious poles, meanwhile, move in opposite directions: one moves outwards just below the real axis and away from the physical pole; the other, meanwhile, moves inwards just above the real axis, towards the physical pole.
When s(k) = 8/9, the physical pole touches (within distance 2ε) one of the spurious poles and both, now being complex conjugates of each other, start to move away from the real axis in opposite directions.
Having established the positions of the poles, in the next section we will use these to choose the contours in the lattice integration appropriately.
Pole shift in one particle irreducible integrals
In this section we discuss the poles of one particle irreducible three point integrals in Sec. IV H.
Let the position of the heavy quark pole in the z plane be denoted by z h and the poles of the naive gluon propagator by z ± such that |z − | < 1 < |z + |. The two poles of the naive light quark action are z (ℓ) ± , whereas the six poles of the improved light quark action are located at z (ℓ) ±,j (and the corresponding positions with opposite sign), ordered such that
(A9) Note that, as discussed in the previous section, only one of the poles is physical.
From the calculation of heavy quark renormalization parameters, it is known for naive (Wilson) glue that |z h | < z + [15] . The poles of the Symanzik-improved gluon action lie outside the band defined by z − < |z| < z + , so the same holds for improved gluons. We can therefore concentrate on the relative positions of the poles of the heavy and (improved) light quark propagator.
At high frame velocities and for certain choices of spatial momentum, it turns out that the heavy quark pole can cross poles of the light propagator outside the unit circle. Note, however, that as discussed in the main text, it is unlikely that very large frame velocities will be used in the evaluation of non-perturbative matrix elements. Examples are shown in Fig. 10 , where we choose k = (x, 0, 0) with −π < x < π and discuss both a simple action with H 0 only and the full mNRQCD action. The crossings are seen for certain negative values of x, where |z (ℓ) +,1 | < |z h | < |z (ℓ) +,2 |. The problem gets worse if the full mNRQCD action is used. To be able to Wickrotate back to Minkowski space in these cases, the contour needs to be deformed such that it encloses the heavy quark pole but not the light quark poles outside the unit circle. Suitable contours are shown on the left in Fig. 11 . In a similar way to that used in Ref. [22] , the contours can be deformed to avoid the poles as much as possible, arising at the triple contours shown on the right in Fig. 11 .
Computationally, the procedure is as follows. We choose the contour(s) separately for each value of the spatial momentum (generated, for instance, by the vegas integration code):
1. |z h | < z − , |z (ℓ) −,1 |: As z h is not the smallest negative pole and the contour does not need to be shifted from |z| = 1.
2. z − , |z The contour is shifted outwards to halfway between |z h | and min{z + , z To speed up the vegas calculation, in cases (1) and (2) we first check using the poles of the naive light quark action, only calculating the poles of the improved version if that test is inconclusive. When shifting a contour midway between poles z a and z b , we shift the contour to √ z a z b .
As the pole crossing only occurs for large momenta this is a lattice artifact which would disappear in the continuum limit. It must, however, be included in a latticecontinuum matching calculation. TABLE IV. Vector current matching coefficients for heavy quark mass m = 2.8. The HISQ action is used to discretize the light quark.
